In this paper, the decay constants and mean square radii of pseudoscalar heavy mesons are studied in the SU (3) symmetry breaking. Within the light-front framework, the ratios f Ds /f D and 
I. INTRODUCTION
The decay constants of pseudoscalar heavy mesons with c and b quarks play an important role for studies of CP violation and in extracting the Cabibbo-Kobayashi-Maskawa matrix elements. Experimentally, new data on the charm meson decay constants f D and f Ds have been reported [1, 2] . As the calculations of the decay constants are related to the wave function overlap of the quark and antiquark which are governed by the strong interaction, they therefore provide a crucial manner to compare different theoretical methods. In addition, the determination of f B S remains beyond the reach of current experiments, thus the reliability of estimated f Bs by a theoretical approach is dependent on whether the determinations of f D and f Ds by this approach are consistent with the new data. During the last decade, the decay constants of pseudoscalar heavy mesons have been studied in lattice simulations [3] [4] [5] [6] [7] [8] [9] , in the QCD sum rules approach [10] [11] [12] [13] , and in the relativistic quark model [14] [15] [16] [17] [18] .
The understanding of the electromagnetic (EM) properties of hadrons is also an important topic, and the EM form factors which are calculated using nonperturbative methods are the useful tool for this purpose. There have been numerous experimental [19] [20] [21] [22] [23] [24] and theoretical studies [25] of the EM form factors of the light pseudoscalar meson (π and K).
However, the EM form factors of heavy mesons (which contain one heavy quark) have much fewer studies [26, 27] than those of light ones. The present paper is devoted to an analysis of the wave function and decay constant by the hyperfine mass splitting of heavy mesons and the formulas of the decay constant and mean square radius within the light-front (LF)
framework. We present the SU(3) symmetry breaking effect in decay constants and electromagnetic properties of pseudoscalar heavy mesons.
The light-front quark model (LFQM) is a promising analytic method for solving the nonperturbative problems of hadron physics [28] , as well as offering many insights into the internal structures of bound states. The basic ingredient in LFQM is the relativistic hadron wave function which generalizes distribution amplitudes by including transverse momentum distributions and contains all the information of a hadron from its constituents. The hadronic quantities are represented by the overlap of wave functions and can be derived in principle. The light-front wave function is manifestly a Lorentz invariant, expressed in terms of internal momentum fraction variables which are independent of the total hadron momentum. Moreover, the fully relativistic treatment of quark spins and center-of-mass motion can be carried out using the so-called Melosh rotation [29] . This treatment has been successfully applied to calculate phenomenologically many important meson decay constants and hadronic form factors [30] [31] [32] [33] [34] [35] [36] .
The remainder of this paper is organized as follows. In Sec. II an analysis of wave function and decay constant is presented. In Sec. III the formulism of LFQM is reviewed briefly, and the formulae of decay constant and mean square radius are derived. In Sec. IV numerical results and discussions are presented. Finally, the conclusions are given in Sec.
V.
II. ANALYSES OF WAVE FUNCTION AND DECAY CONSTANT
The decay constant f P for a pseudoscalar meson is defined by a matrix element of the axial vector current between the vacuum and the meson bound state:
In a nonrelativistic approximation, f P is related to the Bethe-Salpeter wave function at the origin |Ψ(0)| as [37] [38] [39] 2) where N c is the color number and M P is the mass of the meson. If we consider the potential of a hyperfine interaction inside the meson to O(α s ):
where α s is the strong coupling constant, s 1,2 (m 1,2 ) are the spins (masses) of the constituent quark. For the s-wave meson, the first term of Eq. (2.3) has no contribution and the second term can distinguish the pseudoscalar and vector mesons. Therefore, the hyperfine mass splitting is obtained as
By combining Eqs. (2.2) and (2.4) and canceling |Ψ(0)|, we obtain: 6) where q = u, d. From Eq. (2.6), we find that the ratios are dependent on the ratio of light quark masses m s /m q and are independent of heavy quark masses. Furthermore, by canceling the ratio m s /m q , we have a relation which does not contain any parameter in the nonrelativistic approximation:
If one wants to include the relativistic correction to the ratios of the decay constants, 
where x is the longitudinal momentum fraction, k ⊥ are the relative transverse momenta, and φ(x, k ⊥ ) satisfies the normalization condition: 
where superscript c means "Coulomb," β is a parameter which has the energy dimension, Y lm is the spherical harmonics, and L p q−p (x) is an associated Laguerre polynomial which is defined as
The other complete set is the solution of an isotropic harmonic oscillator [41] :
where superscript g means Gaussian and the first few h nl (βr)'s are
(2.14)
Then the exact solution can be expressed as 16) which takes the Gaussian case, for example. It is worth noting that the square bracket in Eq. (2.16) is independent of β. Then, the ratio of hyperfine mass splittings can be reduced as: the SU(3) symmetry breaking, but are insensitive to the heavy quark masses, which will be shown later. In the literature, there are some early attempts [42, 43] to account for flavor symmetry breaking in pseudoscalar meson decay constants. In the next section the wave function Ψ( r) and the values of m s,q are studied within the light-front framework.
III. LIGHT-FRONT FRAMEWORK A. General Formulism
An s-wave meson bound state, consisting of a quark q 1 and an antiquarkq 2 with total momentum P and spin J, can be written as (see, for example [32] )
where p 1 and p 2 are the on-mass-shell light-front momenta,
and {d 3 p} ≡ dp
In terms of the light-front relative momentum variables (x, k ⊥ ) defined by
the momentum-space wave-function Ψ SSz can be expressed as
where
constructs a state of definite spin (S, S z ) out of light-front helicity (λ 1 , λ 2 )
eigenstates. Explicitly,
where |s i are the usual Pauli spinors, and R M is the Melosh transformation operator [30, 31] :
with x 1 = 1 − x, x 2 = x, and n = (0, 0, 1) as a unit vector in theẑ direction. In addition,
where k z is the relative momentum inẑ direction and can be written as
M 0 is the invariant mass ofand generally different from the mass M of the meson which satisfies M 2 = P 2 . This is due to the fact that the meson, quark and antiquark cannot be simultaneously onshell. We normalized the meson state as
which led to Eq. (2.10).
In practice, it is more convenient to use the covariant form of R SSz λ 1 λ 2 [30, 31, 36, 44] :
For the pseudoscalar meson, we have Γ = γ 5 , Eq. (3.11)can then be further reduced by the applications of equations of motion on spinors [36] :
Next, we derive the formulas of the decay constant and the mean square radius for the pseudoscalar meson. The former is the main subject of this work, and the latter is used to fix some parameters.
B. Formulas for decay constant and mean square radius
The decay constants of pseudoscalar mesons P (q 1q2 ) are defined in Eq. (2.1). The matrix element can be calculated using the formulism in the last subsection:
, the decay constant can be extracted as:
where {dx} = dxd 2 k ⊥ 16π 3 and A = m 1 x + m 2 (1 − x). Next, the EM form factor of a meson P is determined by the scattering of one virtual photon and one meson. It describes the deviation from the pointlike structure of the meson, and is a function of Q 2 . Here, we considered the momentum of the virtual photon in a spacelike region, so it was always possible to orient the axes in such a manner that Q + = (P ′ − P ) + = 0. Thus, the EM form factor was determined by the matrix element:
where J µ =qe q eγ µ q, e q is the charge of quark q in e unit, and
With the light-front framework, F P can be extracted by Eq. (3.16):
where k
For applying this to Eq. (3.22) , it is convenient to consider the term φ P ≡ φ P (x, k ⊥ )/ A 2 + k 2 ⊥ and take the Taylor expansion around k
Then, by using the identity
we can rewrite (3.17) to
It should be realized that the size and the density of a hadron depend on the probe. For an EM probe, it is the electric charge radius r 2 1/2 that is obtained. In the experimental view,
P cannot be measured directly and is obtained by fitting the slope of
i.e.,
Here the mean square radius is easily obtained:
It is worth mentioning that, first, the static property F P (0) = e P is quite easily checked in Eq. (3.20) . Second, from Eq. (3.23), we find that the mean square radius is related to the first and second longitudinal momentum square derivatives of φ which contain the Melosh transformation effect.
If we take the heavy quark limit m 1 = m Q → ∞, m Q (M P ) is unimportant for the low energy properties of the meson state, so it is more natural to use velocity v instead of momentum variable P . The normalization of the meson state is rewritten as [45] survive in the wave function as m Q → ∞; that is, X is independent of m Q in the heavy quark limit. Therefore, the normalization of the wave function Eq. (2.10) is rewritten as
Thus we can rewrite (3.23) as
The first term of Eq. (3.26) vanished when m Q → ∞. This means that not only r 2 Qq 2 is blind to the flavor of Q, but also r 2 P is insensitive to m 1 for the heavy meson. The former is the so-called flavor symmetry and the latter will be proven in the numerical calculation.
IV. NUMERICAL RESULTS AND DISCUSSIONS
In the nonrelativistic (NR) approximation, we substituted the experimental data [1] The former was a little smaller than the data [1, 2] f Ds /f D | exp = 1.27 ± 0.06, and the latter was almost larger than the other theoretical calculations (see Tables II and III ).
In the light-front framework, the momentum distribution amplitude φ(x, k ⊥ ) or the wave function Ψ( r) in principle is unknown unless all the coefficients a n00 are obtained. However, we may suppose a Table I . We found that, on one hand, the value of r
100 was too large (small) than that obtained in the experiment. Then, the coefficients a c n00 for n > 1 may be taken as nonzero to correct the fitting of r is greater when n is larger, or r Obviously, the SU(3) symmetry breaking is the major contribution to the ratios in Eq. Table II compares the theoretical calculations with experimental value. For the bottom sector, the Belle [54] and Babar [55, 56] collaborations found evidence for B − → τ −ν decay which was not helicity suppressed. However, the Belle and Babar values had 3.5 and 2.6 standard-deviation significances, respectively; thus the average was provisional [57] : Lattice (HPQCD+UKQCD) [3] 208 ± 4 241 ± 3 1.162 ± 0.009 QL (QCDSF) [4] 206 ± 6 ± 3 ± 22 220 ± 6 ± 5 ± 11 1.068 ± 0.018 ± 0.020 QL (Taiwan) [5] 235 ± 8 ± 14 266 ± 10 ± 18 1.13 ± 0.03 ± 0.05
Lattice (FNAL+MILC+HPQCD) [6] flavor SU(3) symmetry breaking m s /m q = 1.72 ± 0.20 leads into the ratios
For the B c meson, however, both the decay constant and the hyperfine splitting have not
been measured yet. We considered the ratio of hyperfine mass differences: 
V. CONCLUSIONS
In this study, we discussed the ratios of decay constants and mean square radii for pseudoscalar heavy mesons. By considering the hyperfine interaction inside the meson, we found that the ratio of light quark masses m s /m q was the important factor for determining the ratio of the decay constants. First, in the nonrelativistic approximation, we obtained the relation 
